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We study the stability of acoustic streaming flows of fluids induced by a small-amplitude surface acoustic
wave propagating along the walls of a confined parallel-plane microchannel or microslab in the incompressible
flow regime. The secondary �Navier� slip flows are of negligible effect on the stability characteristic compared
with the primary �Navier� slip flow. The governing equation, which was derived by considering the weakly
nonlinear coupling between the wavy interface and the viscous fluid, is obtained by taking into account the
�Navier� slip conditions and then the eigenvalue problem is solved by a verified numerical code together with
the associated dynamic and kinematic conditions. The value of the critical Reynolds number was found to be
near 1441 which is smaller than the value 5772 for conventional pressure-driven flows.
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I. INTRODUCTION

Both high and low frequency surface acoustic waves
�SAWs� are interesting and important subjects in physics as
well as in many other scientific applications �1–3�. One ex-
ample is the characterization of physical and chemical prop-
erties of complicated materials. Relevant problems are the
instability of the flow induced by a SAW and the slip effect
existing along the interface of a quantum fluid �4–6�. In fact,
the instability may trigger the laminar-turbulent transition for
flows of a superfluid. The important issue is to determine the
critical velocity �6� for the relevant physical parameters so
that the experimental measurements can be under control.

An other example is related to the possibility of pumping
molecules and atoms near or along surfaces under the per-
turbing influence of a SAW �4,5,7�. In fact, with the latter, it
has been reported that people can make microflow systems
that could circulate heat-transfer fluids over silicon chips,
reconstitute dried drugs, and possibly synthesize chemicals
from liquid and solid constituents �7�, although the flow con-
trol for this system is still in progress and the understanding
of the flow stability is rather limited up to now. We also note
that acoustic or steady streaming flow, or the mean flow in-
duced by boundaries, has been intensively studied since the
late 1800s �8–11�. Preliminary theoretical results in the free
molecular regime showed some disagreement with other ap-
proaches �4,5,12�.

For quantum fluids or liquids in microdomains, however,
there always exists a slip velocity along the static interface or
confinement due to the microscopically incomplete momen-
tum exchange therein �13–15�. The distinction among vari-
ous flow regimes can be obtained by introducing the Knud-
sen number �Kn�, which can also characterize the value of
the slip velocity �13,14� or the Navier slip parameter Ns
=�S /d. This is dimensionless; S is the proportionality con-
stant in us=S�, where � is the shear stress of the bulk veloc-
ity, and us is the dimensional slip velocity. For the no-slip
case, S=0, but for a no-stress condition S=�. � is the fluid
viscosity and d is one-half of the channel width �15�. Kn
=mfp/L, where mfp is the mean free path of the fluid and L
is the characteristic flow dimension. Slip flow conditions ex-
ist for 0.001�Kn�0.1, where the flow can be considered

continuous if the slip velocity at the walls is taken into ac-
count. Nonzero slip velocity is due to incomplete momentum
and energy exchange between the colliding fluid particles
and the solid boundaries.

Meanwhile, the effect of elastic or deformable interfaces,
like surface acoustic waves, interacting with bulk and surface
phonons �propagating along the elastic boundaries �16–18��
upon the stability of slip flows, has seldom been considered
before, to the best knowledge of the authors. Although math-
ematical difficulty is essential therein, we have performed a
preliminary study of the linear stability of acoustic streaming
flows in a plane channel without considering the slip effect
along the interface or wall �19�. In this work, the stability
analysis of incompressible slip flows for normal fluids inside
a microchannel with the flow confined by two elastic �wall�
layers of thin films, where surface acoustic waves are propa-
gating along the interfaces, is conducted. That is, we relax
the static or rigid-interface boundary conditions which are
frequently used in previous theoretical and/or experimental
approaches to dynamic or deformable-interface boundary
conditions, which are more realistic in essence especially
when we consider the flow stability problem in a micro-
domain where surface acoustic waves propagate along the
elastic boundaries. A verified code based on the spectral
method developed by Chu �19� will be extended here to in-
clude the boundary conditions coming from SAWs existing
along the interfaces to obtain the stability characteristics of
the basic slip flow.

This paper is organized as follows. We introduce the
mathematical formulation for the physical problems we shall
investigate by using the Orr-Sommerfeld equation and then
the relevant linear stability analysis in Sec. II. The coordinate
system and relevant notations will be described first. The
fundamental governing equation and definition of physical
but dimensionless parameters then follow. Boundary condi-
tions for the slip flow and the wavy interface of the fluid
system are then incorporated. We shall investigate the ex-
pression for primary slip flows of fluids and their stability
characteristic will be derived before we describe the numeri-
cal approach, a modified spectral method at the end of this
section. Two physical parameters K0 �relevant to the acoustic
streaming or wavy interface �due to the SAWs� effect� and
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Kn will be introduced or defined. Finally we shall present
our calculations and discuss them. Our results illustrate that
the critical Reynolds number �Recr� decreases �to 1441� rap-
idly once the interfaces are subjected to propagating waves
�or noises� and there are slip velocities existing along the
boundaries or interfaces �K0=1 and Kn=0.001�. However,
the slip velocity �adjusted by Kn� effect is minor and adverse
compared to the acoustic streaming or wavy interface effect
�tuned by K0� when considering the decrease of Recr.

II. FORMULATIONS

We note that entrainment of fluids induced by SAWs
propagating along deformable boundaries has been studied
�4,5,16� since the early 1950s. The role of elastic macro-
scopic walls resembles that of microscopic phonons �5�. To
escape from the above mentioned difficulties �microscopic
many-body problems�, we plan to use a macroscopic ap-
proach which is a complicated extension of previous ap-
proaches �19,20�.

A. Physical interface treatment

We consider a two-dimensional layer �slab� of uniform
thickness filled with a homogeneous normal fluid �Newton-
ian viscous fluid; its dynamics is described by Navier-Stokes
equations�. The upper and lower boundaries of the layer are
interfaces which are rather flexible, on which are imposed
traveling sinusoidal waves of small amplitude a �due to
SAWs or peristaltic waves�. The vertical displacements of
the upper and lower interfaces �y=h and −h� are thus pre-
sumed to be � and −�, respectively, where �=a cos�2� /	�

�x−ct�, 	 is the wavelength, and c the wave speed. x and y
are Cartesian coordinates, with x measured in the direction of
wave propagation and y measured in the direction normal to
the mean position of the interfaces. The schematic plot is
illustrated in Fig. 1. It is expedient to simplify these equa-
tions by introducing dimensionless variables. We have a
characteristic velocity c and three characteristic lengths a, 	,
and h. The following variables based on c and h can thus be
introduced:

x� =
x

h
, y� =

y

h
, u� =

u

c
, v� =

v
c

, �� =
�

h
,

�� =
�

ch
, t� =

ct

h
, p� =

p

�c2 ,

where � is the dimensional stream function, and � and p are
the density and pressure of the fluid, respectively. After in-
troducing the dimensionless variables, now, for the ease and
direct representation of our mathematical expressions in the
following, we shall drop the primes on those dimensionless
variables. The relevant governing equations for an incom-
pressible flow are

� · u = 0 or � u/�x + �v/�y = 0, u � �u,v�;

�u/�t + u · �u = − �p + �2u/Re,

with u=�� /�y, v=−�� /�x. Re=�u0h /� is the Reynolds
number with � and � being the density and viscosity of the
fluid. u0 is the characteristic velocity in the physical domain.
For our interest here, the amplitude ratio , the wave number
�, and the Reynolds number Resw are defined by

 =
a

h
, � =

2�h

	
, Resw =

ch

�
.

Note that the Reynolds number Resw, which is based on the
phase speed of the surface wave, is much larger than the
Reynolds number Re, which is based on the maximum speed
of the fluid flow in microchannels.

To derive the linearized equations by taking into account
the wavy-interface effect, we seek a solution in the form of a
series in the parameter ��1�:

� = �0 + �1 + 2�2 + ¯ ,

�p

�x
= � �p

�x
�

0
+ � �p

�x
�

1
+ 2� �p

�x
�

2
+ ¯ .

The two-dimensional �x and y� momentum equations and the
equation of continuity for the normal fluid can be in terms of
the stream function � if the pressure �p� term is eliminated.
The final governing equation is

�

�t
�2� + �y�

2�x − �x�
2�y =

1

Resw
�4�, �2 �

�2

�x2 +
�2

�y2 ,

�1�

and subscripts indicate partial differentiation. We presume
originally that the fluid is quiescent �this corresponds to the
free pumping case� and finally the velocity profile of the
fluid is symmetric with respect to the centerline of the plane
channel bounded by the elastic interfaces. The fluid is sub-
jected to boundary conditions imposed by the symmetric mo-
tion of the walls and the nonzero velocity slip: u
= �Kn du /dy �14,15�, v= ±�� /�t at y= ± �1+��; here Kn
=mfp/h. The boundary conditions may be expanded in pow-
ers of � and then :

FIG. 1. Schematic diagram of the wavy motion of the flexible
walls of a microchannel.
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�0y1 + �cos ��x − t��0yy�1 + �1y�1� + 2��0yyy�1
2

cos2 ��x − t� + �2y�1 + cos ��x − t��1yy�1� + ¯

= − Kn	�0yy�1 + �cos ��x − t��0yyy�1 + �1yy�1� + 2��0yyyy�1
2

cos2 ��x − t� + cos ��x − t��1yyy�1 + �2yy�1� + ¯
,�0x�1

+ �cos ��x − t��0xy�1 + �1x�1� + 2��0xyy�1
2

cos2 ��x − t� + cos ��x − t��1xy�1 + �2x�1� + ¯ = − � sin ��x − t� .

The equations above, together with the condition of symme-
try and a uniform constant pressure gradient in the x direc-
tion, ��p /�x�0=const, yield

�0 = K0��1 + 2Kn�y −
y3

3
�, K0 =

Resw

2
�−

�p

�x
�

0
. �2�

K0 is in fact the necessary pumping to sustain a plane Poi-
seuille flow �pressure-driven case�. �0 corresponds to the so-
lution of

�

�t
�2�0 + �0y�

2�0x − �0x�
2�0y =

1

Resw
�4�0, �3�

together with above mentioned boundary conditions �for �0�.
Note that

�1 =
1

2
���y�ei��x−t� + �*�y�e−i��x−t�� , �4�

where the asterisk denotes the complex conjugate. Substitu-
tion of �1 into Eq. �1� yields

� d2

dy2 − �2 + i� Resw�1 − K0�1 − y2 + 2Kn���� d2

dy2 − �2��

− 2i�K0 Resw� = 0.

The normal fluid is subjected to boundary conditions im-
posed by the symmetric motion of the wavy interfaces and
the slip condition at the interfaces. The basic slip flow now
has this form, as u=��0 /�y,

ū = K0�1 − y2 + 2Kn� , �5�

where Kn=mfp/h. The boundary conditions become, for
−1�y�1,

�y�±1� ± �yy�±1�Kn = 2K0�1 ± Kn�, ��±1� = ± 1. �6�

B. Governing equation for stability analysis

To obtain the stability characteristics for the above men-
tioned flows, we shall introduce the conventional Orr-
Sommerfeld equation just for comparison and similar appli-
cation. Macroscopically, the motion of a normal fluid �above
the critical phase transition temperature of the quantum fluid�
as a whole can be treated by using hydrodynamical models
starting from the microscopic atomic wave function �21�.
Here, after simplifying treatment of the complicated math-

ematical derivations, the dimensionless equations of motion
for an incompressible normal fluid flow �19,20�, in the ab-
sence of body forces and moments, reduce to

�U

�t
+ �U · ��U = − �P +

1

Re
�2U , �7�

where U and P stand for the velocity and pressure of the
fluid �22�. Re=�umaxh /� is the Reynolds number. For the
case of normal fluid flows driven by a constant pressure gra-
dient, i.e., plane Poiseuille flow, the length scale is the half-
width of the normal-fluid layer h, and the velocity is the
centerline velocity umax. Following the usual assumptions of
linearized stability theory �22�, Ui�xi , t�= ūi�xi�+ui��xi , t�, and
similarly, P�xi , t�= p̄�xi�+ p��xi , t�, the linearized equation
that governs the disturbances is

�ui�

�t
+ �ū · ��ui� + �u� · ��ūi = − �p� +

1

Re
�2ui�. �8�

Disregarding the lateral disturbances, w�=0, a stream func-
tion for the disturbance, �, can be defined such that u�
=�� /�y, v�=−�� /�x. Using normal mode decomposition
analysis, � may be assumed to have the form ��x ,y , t�
=��y�exp�i��x−Ct��, where � is the wave number �real�,
and C is Cr+ iCi. This is a kind of Tollmien-Schlichting �TS�
transversal wave. Cr is the ratio between the velocity of
propagation of the wave of perturbation and the characteris-
tic velocity, Ci is called the amplification factor, and � equals
2��−1, where � is the wavelength of the TS perturbation
�22�. Substituting the stream function and eliminating the
pressure, we have the linearized disturbance equation

�D2 − �2��D2 − �2�� = i� Re��ū − C��D2 − �2�� − �D2ū��� ,

�9�

where D=d /dy. This is also valid for the slip flow regime,
0.001�Kn�0.1, since the flow can still be considered as
continuous. Note that this equation resembles that derived
from �1 after substituting �1 into Eq. �1� �19� with suitable
selections for �, c, K0, and the transformed Reynolds num-
ber Re. For slip flow, continuous models can be used if the
no-slip boundary condition is modified. A few models have
been suggested to estimate the nonzero velocity at a bound-
ary surface �13–15�. In this study, we adopt the approach
based on Taylor’s expansion of the velocity around the wall.
Thus, the first order approximation yields ū�wall=Kndū /dy
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�positive for the inner normal as y�n�. Consequently, the
mean �basic� velocity profile is given by

ū = 1 − y2 + 2Kn �10�

for −1�y�1 �14�. The boundary conditions for � or D� are
not the same as in the previous no-slip approach, i.e.,
��±1�=D��±1�=0 �20�, and have been introduced above
�see Eq. �6��. In fact, the Navier slip parameter �Ns� �15� can
also play the role of the Knudsen number in the representa-
tion of the slip velocity �with Ns�Kn, especially when we
consider the liquid flow�.

C. Numerical approach

The eigenvalue problem raised above can be solved by
using a verified code �19�, which used the spectral method
�20,23� based on the Chebyshev polynomial expansion ap-
proach, once the equation and boundary conditions are dis-
cretized. For instance, we have, from Eq. �3�, as a finite-sum
approximation �reduction from � to N�,

��z� = �
n=0

N

anTn�z� ,

where Tn�z� is the Chebyshev polynomial �20,23� of degree n
with z=cos���. Tn�z� are known to satisfy the recurrence re-
lations

zTn�z� =
1

2
�Tn+1�z� + Tn−1�z�� .

After substituting � into Eq. �3� and with tremendous ma-
nipulations, we obtain the algebraic equation

1

24 �
p=n+4

p�n�mod 2�

N

�p3�p2 − 4�2 − 3n2p5 + 3n4p3 − pn2�n2 − 4�2�ap

− �
p=n+2

p�n�mod 2�

N 	�2�2 +
1

4
i� Re�4M0f − 4C − M0cn

− M0cn−1��p�p2 − n2� −
1

4
i� Re M0cnp�p2 − �n + 2�2�

−
1

4
i� Re M0dn−2p�p2 − �n − 2�2�
ap + i� Re M0n


�n − 1�an + ��4 + i� Re��M0f − C��2 − 2M0�cnan

−
1

4
i�3 Re M0�cn−2an−2 + cn�cn + cn−1�an + cnan+2� = 0

�11�

for n�0, f =1+2Kn, where cn=0 if n�0, and dn=0 if n
�0, dn=1 if n�0. Here, M0=1, and C is the complex ei-
genvalue. The numerical boundary conditions �from Eq. �6��
become

�
n=1

n�1�mod 2�

N

an = 1, �
n=1

n�1�mod 2�

N �n2 + Kn
n2�n2 − 1�

3
�an = 2K0.

�12�

Equation �12� is different from that used in the no-slip treat-
ment �19� mainly because of the �Navier� slip parameter be-
ing nonzero here. The complexities can be understood by
recalling Eq. �6�: �yy appears �second-order derivative of ��
once Kn is not zero. This term is not trivial when using the
spectral method for the Chebyshev polynomial expansion
�cf. Refs. �20,23��. It means the treatment of matrices thus
formed becomes much more complicated than before.

The matrices thus formed are of poor condition because
they are not diagonal and symmetric. Thus, before we per-
form floating-point computations to get the complex eigen-
values, we precondition these complex matrices to get less
errors. Here we adapt Osborne’s algorithm �24� to precondi-
tion these complex matrices via rescaling, i.e., by certain
diagonal similarity transformations of the matrix �errors are
in terms of the Euclidean norm of the matrix� designed to
reduce its norm. The details of this algorithm can be traced in
�24�. The form of the reduced matrix is upper Hessenberg.
Finally we perform stabilized LR transformations for these
matrices to get the complex eigenvalues �please see also �25�
for the details�. The preliminary verified results of this nu-
merical code were obtained for the cases of Kn=0 �no-slip
boundary conditions� in comparison with the benchmark re-
sults of Orszag �20�. For example, for Re=10 1000.0, �
=1.0 of the test case, plane Poiseuille flow, we obtained the
same values 0.2371 5261 48+ i0.003 739 67 for Cr+ iCi that
Orszag obtained in 1971 �19,20�.

III. RESULTS AND DISCUSSION

We first verify the no-slip results of this numerical code
by calculating the critical Reynolds number for cases of no-
slip boundary conditions in comparison with the benchmark
results of Orszag �20�. For example, we obtain the same
critical Reynolds number �Recr�5772.2� for the test case,
plane Poiseuille flow, that Orszag obtained from CDC 7600
in 1971 �20�. After this, the subsequent numerical searching
for Recr and corresponding � for our interest �K0�0, effects
of the acoustic streaming and interface; Kn�0, slip flow
effects� is time consuming and variable.

To demonstrate some of the calculated spectra �Cr ,Ci�
near the regime of �Recr ,��, we plot Fig. 2 by selecting two
pairs of �Re,��= �1562,1.156� and �2982.3,1.0783� with the
corresponding K0=1 and 0.5 for the same Knudsen number
�Kn=0.01�. Once Ci�0, instability occurs. The onset of in-
stability occurs easily once the Reynolds number, wave num-
ber, or Knudsen number is perturbed a little near this regime
�Ci becomes zero and then positive�. To check the small
amplitude effects ��, we already calculated those spectra for
=0.01 and found rather minor differences compared to the
slip �Kn� and acoustic wave �K0� effects.

We then plot the neutral stability boundary curves for dif-
ferent cases in Fig. 3. It is clear that each curve is composed
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of two branches �upper and lower; they coalesce into a criti-
cal point �Recr and �cr� as the Reynolds number decreases�.
We tune the K0 parameter to be 1 and 0.5, with the corre-
sponding Knudsen number being 0.001 and 0.01, respec-
tively. Once the Knudsen number is set to be zero and there
is no SAW effect, we recover the curve obtained by Orszag
�20� �Recr�5772�. Otherwise, the resulting critical Reynolds
numbers �Recr� are 1441, 1562, 2664, and 2982.3, respec-
tively. It seems the effect of SAWs propagating along the
interface is the dominant one and will degrade the flow sta-
bility significantly. The slip velocity effect is minor and ad-
verse �it delays the transition�.

To understand the stability behavior related to the decay
or amplification of the perturbed disturbance waves in a fi-

nite time for a certain mode, we also illustrate their time
evolution patterns by selecting the least unstable mode. As
illustrated in Figs. 4 and 5 for Re=1441, �=1.175 �K0=1�
and Re=2664, �=1.105 �K0=0.5�, we can observe an oscil-
lating or amplifying pattern after a finite time �time is dimen-
sionless and the Knudsen number is the same, Kn=0.001�.
The original disturbance �wave� will not decay for these un-
stable modes �Cr ,Ci���0.382,0.000 002� and
��0.324,0.000 000 46�, respectively. Here, the amplitude �
is obtained by summing those contributions from finite
modes �an� obtained from Eq. �11� and the corresponding
�Cr ,Ci�. We remind the readers that the behavior at the near-
wall and centerline regions shows different trends, which
might be due to the wavy-interface effect.

To conclude in brief, we have observed that the instability
of slip flow due to acoustic streaming in plane microchannels
occurs very early, which is not favorable for the flow control
in most physical, chemical, and biological applications.

FIG. 2. Illustration of the temporal spectra �Cr ,Ci� for distur-
bance waves due to acoustic streaming or interface �K0� and slip
velocity �Kn=0.01� effects. Re=1562, 2982.3 for corresponding
K0=1, 0.5 and �=1.156, 1.0783, respectively.

FIG. 3. Comparison of acoustic streaming or wavy interface
�K0� and slip velocity �Kn� effects on the neutral stability boundary
of the basic flow. Kn=mfp/h. mfp is the mean free path of the
quantum fluid. Recr�1441, 1562, 2664, 2982.3 for K0=1, Kn
=0.001, 0.01, and K0=0.5, Kn=0.001, 0.01.

FIG. 4. �Color online� Illustration of the temporal evolution for
disturbance waves due to interface �K0� and slip velocity �Kn� ef-
fects. Re=1441 for corresponding K0=1 and �=1.175, Kn=0.001.
Time is dimensionless.

FIG. 5. �Color online� Illustration of the temporal evolution for
disturbance waves due to interface �K0� and slip velocity �Kn� ef-
fects. Re=2664 for corresponding K0=0.5 and �=1.105, Kn
=0.001. Time is dimensionless.
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Compared to the acoustic streaming effect �K0�, however, the
slip effect �Kn� on the flow stability is only minor as evi-
denced in Fig. 3. This latter observation might be interpreted
as due to the weakly nonlinear coupling between the elastic
wall boundary and the inertia of the acoustic streaming flow.
On the other hand, if we borrow an analogy from the slip of
quantum fluids �13�, we have also obtained more clues about
the slip flow �which is in a nonequilibrium state� instability
of quantum fluids �above their critical transition temperature�
by considering more realistic interface conditions. Once we
know the viscosities and/or densities of these quantum fluids,
based on the obtained critical Reynolds number, we can then
determine the critical velocity �6� for each case. Meanwhile,
these results will help researchers to understand the forma-
tion or generation of vorticity waves �22� and then the route
to low-temperature turbulence in quantum fluids �6�. We
shall investigate more complicated relevant problems in the
future �26�. For instance, ultrasound measurements play very
important roles in 3He investigation �2�. The time scale of

ultrasound corresponds to quasiparticle lifetimes at low tem-
peratures and first- to zero-sound crossover was observed.
The energy scales of ultrasound match the binding energies
of Cooper pairs in superfluid 3He and coupling through den-
sity oscillations was observed. Sound transmission methods
using many types of surface acoustic wave sensors have been
developed for acoustical and electrical property measure-
ments of adjacent liquid and gas �especially liquid 4He at
low temperature �3��. One example is that a Rayleigh SAW
propagates along the substrate surface by emitting compres-
sional waves into the quantum fluid and thus the sampling of
the Rayleigh SAW is determined by the acoustic impedance
of the surrounding quantum fluids.
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